Common features of deconfining and chiral critical points in QCD and the three state Potts model in an external field by Karsch, Frithjof et al.
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[0:0005; 0:0010] [2] which is not suÆcient for a
precise location of the endpoint.
3. Quantum Chromo Dynamics


















with the fermion elds  ;
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Integrating out the fermion elds we obtain the





































as the number of quark avors. Expanding








with K = 1   M and
 = 1=2m
q


























The order parameters of the QCD phase transi-





















in the limit m
q
! 1 for the deconnement tran-



















! 0 for the chiral transition.
4. The Simulation Parameters
For the Potts model we used the Wol cluster
algorithm with a ghost spin in order to implement





. We dene a new conguration after
1000 congurations to get autocorrelations of the
energy E between 7 and 25 close to the pseudo
critical points. We simulate at 3 to 4 dierent -
values for every h and perform 10000 updates at
each (; h)-pair of couplings. In the analysis of the
data we make use of the Multihistogram-Method
[7] to interpolate between  and h values.
The QCD simulations are performed with the







 4 and for the heavy quark
regime an additional size of 24
3
 4. We simu-
lated with three mass degenerate quark avors of
masses m
q
a=0:03; 0:0325;0:035;0:04 close to the
chiral and two mass degenerate quark avors of
m
q
a= 1:5; 1:7; 1:8; 2:0 close to the deconnement
transition. For 3-4 dierent -values per mass pa-
rameter we perform (1  3)=(3  7) 10
4
updates
at small/large bare quark masses. In the analysis
a reweighting in the -direction has been used.
5. Constructing the Scaling Fields
In order to construct observables for the Potts
model which are more sensitive to the universality
class of the endpoint we make the assumption
M =M + sE; E = E + rM (12)
2
and rewrite the Hamiltonian in terms of these new
elds
H= E   M (13)




(h  r);  =
1
1  rs
(   sh): (14)
Identifying  with the direction of the pseudocrit-
ical line at the endpoint and demanding that the
energy-like uctuations and those of the ordering















; hÆMÆEi = 0 (15)
where ÆX  X   hXi. In QCD we dene analo-
gously for the light quarks
M =

  + sS
G






M = L + sS
G
; E = S
G
+ rL (17)
for heavy quark masses. Rewriting the action
S
QCD
in terms of these variables is not possible,
but the new energy-like and ordering eld-like
variables E andM dene an eective Hamiltonian
H
eff
= E + M (18)
which will control the universal behavior in the
vicinity of the critical points in QCD. We similarly
make a linear ansatz for the new couplings
 = (   
c
) + A(h  h
c
); (19)
 = (h  h
c
) +B(   
c
) (20)
with h= m (m
 4
) for light (heavy) quark masses.



























to x three of the four constants r,s and A,B.









for the Potts model r
1
=  0:690(2)   s. Thus
the transformation is just a rotation. In the case of
the QCD a size dependence of r and s is observed
but a quantitative scaling analysis was not feasible.
We therefore used results from the largest lattice.
Close to the endpoint we dene for the chiral region
(s; r) = (0:410:52; 0:5500:007) and for the de-
connemt transition (s; r) = (0:672:48; 0:223
0:043).
6. Locating the Endpoints
For a precise location of the critical points we





































should take on a volume inde-
pendent value B
4;c
at the endpoint. This value is
1.602(2), 1.242(2) or 1.092(3) for the 3-dimensional
Ising, O(2) or O(4) universality classes, respec-
tively. We found for the Potts model [2] a value of
1.609(4)(10) at (0.54938(2),0.000775(10)) where
the rst error is a statistical error and the sec-
ond one is due to uncertainties in locating the
endpoint. For the QCD we found [3] a value of
1.547(46) at (5.6756(5),1.74(4)) and 1.639(24) at
(5.1458(5),0.033(1)) in the heavy and light quark
mass regimes respectively (Fig.1). This strongly
suggest that all three endpoints fall in the Ising
universality class.
7. Joint Probability Distributions
With the nite size scaling ansatz [6] for joint
probability distributions of E andM
p
L







































=V one obtains the universal function
3
pL


















at ==0 (Fig.2). Comparing these distributions
with those obtained for other universality classes
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Fig. 1. B
4;L
of the Potts model (a) and for the QCD with
heavy (b) resp. light (c) quark masses.(Lines are drawn to
guide the eyes)
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Fig. 2. Histogram p^
EM
of the Potts model (a) at the
endpoint and of the QCD with m = 1:8 (b),m = 0:325 (c)
close to the end points.
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